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Abstract
By utilizing four consecutive symbol periods at a
ime, eight-dimensional constellations can be generated.

‘ere, such o -symbol constellations (herein called 8D-L)
re proposed, where L is any integer > 8. Actually, two
onstellations are given for L = 8: one which requires an
ptimum detector, 8D-8B, and the other, 8D-8A, which can
e detected by the general detector provided for 8D-L. It
s demonstrated that 8D-8B provides 0.37 dB improvement
as far as Signal-to-Noise Ratio is concerned) over 8D-8A
hich, in turn, provides 1.78 dB over the corresponding
PSK system. Furthermore, 8D-12 is better than 8-QAM by
.17 dB, whereas 8D-16 achieves 2.55 dB improvement over
6-QAM.

Introduction
Gersho and Lawrence [l] have presented eight-
imensional constellations by utilizing four consecutive
ymbol periods at a time. Each symbol period is used to
ransmit a two-dimensional AM-PM constellation. They

laimed that their eight-dimensional A - symbol
onstellation Sy can achieve 2.4 dB improvement in Signal-
o-Noise Ratio (SNR) performance compared with 16-QAM
wver four symbol periods. However, a disadvantage of the
euristic method of Gersho and Lawrence is that it is not
pparent how other constellation sizes may be
ccamodated. For example, how can their scheme be made

o transmit 2" symbols, L > 8, over four symbol periods.
urthermore, the detection process for Ss is somewhat

amplex. Even though the detector must find the minimum
£ only twenty distances each block (four symbols)
eriod, the method used depends upon to which of four

ubgroups the received symbol belongs. This fact
omplicates the detection process.
In this paper, the author proposes - symbol 8-~

limensional constellations, hereafter called 8D-L, which
‘equire relatively simple detectors. These detectors
‘equire finding the minimum of only sixteen distances
wery block period. In addition, there are low-level
uantizers in each co-ordinate of the received vector. In

eneral, the level of quantization depends upon L.
iowever, for L=8, 12, and 16, there are only three
evels. The use of quantizers replaces the need of

ermuting the co-ordinates of the received vector and
nverse permuting the selected basic point, as required
iy 8. See [1] for details.

Actually, the author proposes two different
onstellations for L = 8: the one mentioned above,
lereafter called 8D-8A, and another one which will be
alled 8D-8B. It will be seen that 8D-8B has 0.37 dB
dvantage over 8D-8R, at the expense of a slightly more
amplex detector. In fact, 8D-8B requires finding the
inimum of twenty-six distances every block period.

Description of the 8D-L Constellation

In this section, the eight-dimensional 8D-L
onstellation will be described. To begin, let any
ransmitted symbol B be written as
a, b, a, by, a, by, 3, b, where a, by, =1, 2, 3, 4,
s the two-dimensional AM-PM constellation of the jth
ymbol period. Then, the 8D-L constellation will be given
¥ {pi}, for i=1 to 2I', L > 8. The values of 3y, bj will be

ntegers, which depend upon L. In addition, p; can be any

f the sixteen basic points listed in Table 1. Note that
n Table 1 E denotes an even integer, whereas O denotes

an odd integer. Notice also from Table 1 that any two
basic points differ in at least four co-ordinates. This
means that the Minimum Square Euclidean Distance (MSED)
will be four, the same as it is with regular QAM.

To form 8D-L, M = 2 points are generated from Table
1, so that the average energy of the constellation P is
minimized, where

M
P= 1 Z|pf°. (1)
M i=1
Table 1. Basic points for the 8D-L constellation.

E denotes an even integer. O denotes an odd integer.

a, b, a,b,a,b,a,b

Basic Point , by a, by ag by a, b,
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8D-8 Constellation

For 8D-8, let E be zero, and O be -1, or 1, for the
first fourteen basic points of Table 1. This then gives
14x16=224 unique points. The sixteen follows because
there are four odd co-ordinates and each of these can

have two values (-1 or 1). Therefore, there are 24 unique
symbols for each of the first fourteen points of Table 1.
Furthermore, 16 additional points can be derived from
Basic Point #16, if one E is allowed to be -2 or 2, and
the other co-ordinates are made equal to zero. Finally,
for 8D-8A, the remaining 16 points can be had from Basic
Point #15. In fact, a, bl' 3y, and b2 are set equal to 1,

and ay, b3, 3y, b4 can be -1 or 1. However, for 8D-8B, the

remaining 16 points are the sign variations of
[0000022],[00002200],[00220000],
and [220 000 0 0]. Table 2 summarizes the makeup of
8D-8A, and 8D-8B.

8D-12 and 8D-16 Constellations

Tables 3 and 4 show the makeup of 8D-12 and 8D-16,
rrespectively. A word will now be given on how these
points were selected. Inspection of these tables and
Table 1 shows that there are three basic kinds of points-
those whose co-ordinates are (i) all odd, (ii) all even,
and (iii) those which have half odd and half even. These
will be called odd points, even points, and mixed points,
respectively.

For a given energy level, say 12, the possible odd,
even, and mixed points are listed. It should be obvious
that there are no odd points in 8D, whose energy is 12.
The only even points are [0 0 0 0 0 2 2 2], and all of
its permutations and sign variations. For the mixed
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Table 2. Makeup of the 8D-8A and 8D-8B constellations.

Tyg)e of Energy No. of points Total
point Due to sign Due to Due to No. of

variations permutation type of points

among basic
even odd point
11110000 (Both) 4 x16 x14 224
00000002 (Both) 4 x2 X8 16
11111111*(8D-8R) 8 x16 16
00000022 (8D-8B) 8 x4 4
00002200 (8D-8B) 8 x4 4
00220000 (8D-8B) 8 x4 4
22000000 (8D-8B) 8 x4 4
* The first four co-ordinates are always 1.
Table 3. Makeup of the 8D-12 constellation.

11110000 4 x16 x14 224
00000002 4 X2 %8 16
11111111 8 X256 256
00000022 8 x4 Xx28 112
00021111 8 x32 x4 x14 1792
00000222% 12 %8 x20 160
00221111 12 x64 X6 1536

permutat

Table 4. Makeup of the 8D-16 constellation.

* :é, b1 are always zero, so that only the last six co-ordinates are

11110000% 4 x16 %10 160
00000002 4 X2 %8 16
11111111 8 x256 256
00000022 8 x4 Xx28 112
00021111 8 x32 x4 x14 1792
00000222 12 x8 x56 448
00221111 12 x64 x6 x14 5376
00001113 12 16 x4 x14 896
02221111 16 x128 x4 x14 7168
00021113 16 x32 x4 x4 x14 7168
00002222 16 x16 x70 1120
11111113 16 %256 X8 2048
00001133 20 x16 X6 x14 1344
00221113 20 x64 X6 x4 x14 21504
22221111 20 %256 x14 3584
00022222 20 %32 x56 1792
00021133 24 %32 x4 x6 x1l4 10752

*The last four basic point types of Table 1 were omitted.

Table 5. Necessary constants used to compute P, with (2) and (4), and gain
of 8D-L over the corresponding M-QORM system.

Gain Error Co-efficient Overall

Constellation Energy Optimum K
from (4) in P Loss (dB) Gain
(dB) (dB)
8D-8A 4.25 58.5 2.747 0.981 1.766
8D-8B 4.25 53.47 2.747 0.548 2.199
8D-12 9.42 117.1 4,062 0.917 3.145
8D-16 18.33 NA 3.389 0.864 2.525
QPSK 8 8
8-QAM 24 10
16-QAM 40 12
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points, there are two cases-(1) the odd co-ordinates have
energy level 4 and the even co-ordinates have energy
level 8, and (ii) the odd co-ordinates have energy level
12and the even have energy level 0. Points in case (i)
are given by [0 0 2 2 1 1 1 1], and all of its
permutations, e.g. [0 2 0 2 1 1 1 1], and sign
variations, whereas, for case (ii), [0 00111 3],
and all of its permutations, e.g. [0000 31 1 1], and
sign variations are allowed points. Notice that by
permutations, it is meant permutations among the even co-
ordinates, or among the odd co-ordinates, and not
permutations among all eight co-ordinates. For exanple,
[03111000 0] is not allowed. Notice also that a
mixed point can be used 14 times just by changing the
order of the even
allows.

At all energy levels, the above procedure is
followed, beginning with the lowest energy first, so that
P is minimized. Notice that energy levels are in steps of
4. This is a consequence of the allowed points of

Table 1.

Detecting 8D-L
To illustrate the method of detection, the two-

dimensional M-symbol constellation of Fig. 1 will be
used. Let I be the two-dimensional received vector which

is of course the transmitted symbol s, corrupted with AWGN

of zero mean and variance o in each co-ordinate. Notice
that the constellation can be thought of as being made up
of adjacent rectangles, called stacking rectangles. These
rectangles have ane point enclosed, except the one at the
origin. Notice also that some of the rectangles have same
vertices missing. The detection procedure to be descibed
assumes that there are no missing symbols. This means
that the detection procedure is not optimsn, but
fortunately, as will be demonstrated, there is very
little degradation. In fact, the missing symbols only
cause the error coefficient to increase somewhat (See
(4)). It is well known that the probability of symbol
error P, is not a strong function of the error

coefficient. According to Forney [2], for every doubling
of the error coefficient, SNR decreases by 0.2 dB.
Referring to Fig. 1, suppose that L, is in rectangle

4. Then the transmitted symbol is most likely to have
been a vertex or the center point of rectangle 4.
Therefore, anly the Euclidean distances between L and the

vertices and center point of rectangle 4 need to be
found. The symbol of this group of five which minimizes
the camputed distances is declared to be the transmitted
symbol. Thus, the detection problem has been reduced fram
finding the minimum of M distances to finding the minimum
of just five distances. However, one problem still
remains - the five candidate symbols depend upon the
rectangle in which I, is located. This camplicates the

detection procedure. However, the candidate symbols need
not change if distances to £y - ¢ are computed instead,

where ¢ is the center of the received rectangle. This
follows since r, -¢, translates the received rectangle to

the origin. Therefore, the five candidate symbols are now
just the vertices and center point of the rectangle at
the origin. Note that ¢ can be found quite easily with
low-level quantization in each co-ordinate.

Let w be the symbol which minimizes the distance
between the received translated vector dz =1, - ¢ and the
five candidate symbols. Then, the detected symbol is
given by §2 =Wt

Actually, the detection process can be further
simplified by making use of the symmetry of the five
candidate symbols, so that finding w is quicker. Notice
that if the absolute value of each co-ordinate of the

received translated vector is taken (denote this as |d2|

= |r2 - c2|), then the four vertices become just one

point. Therefore, there are now only two candidate
symbols - the vertex in the first quadrant and the
origin. If v is the symbol which minimizes the distance
between |d,| and the two candidate symbols, then w =

v.*sgn(d;), where sgn(di) is d2 with a sgn operation in
each co-ordinate, and .* ig element-by-element

multiplication.

The detection process can be sumarized and
generalized to n-dimensions as follows:
Step 1. Find the rectangle (n-dimensional hypercube) in
which the received vector is located. This is done by
using quantizers in each co-ordinate.
Step 2. Translate the received rectangle (hypercube) to
the origin. This is simply achieved by subtracting the
output of the quantizers from the received vector.
Step 3. Find the symbol which minimizes the Euclidean
distance between the translated received vector and the
candidate symbols associated with the rectangle
(hypercube) at the origin.
Step 4. Add this detected optimum symbol to the center of
the received rectangle (hypercube), so that the optimum
symbol will be translated back to its proper location.
Step 5. Step 3 can be simplified as follows:
(i) Map (many-to-one) the received translated vector onto
the first quadrant (positive sector in n-space, 1i.e.
space where the vectors have co-ordinates that are non-
negative). This is done simply by finding the absolute
value of each co-ordinate of the received translated
vector.
(ii) Find the symbol which minimizes the Euclidean
distance between the mapped received translated vector
and the candidate symbols of the first quadrant (positive
sector).
(iii) Now that the optimm non-negative symbol (i.e. one
that is in the first quadrant (positive sector)) is
found, the proper sign variation of this is determined by
finding the sgn function of each co-ordinate of the
translated received vector, and then multiplying
(element-by-element) the optimum non-negative symbol by
this. These steps will produce the optimum symbol to be
used in Step 4.

This detection scheme was first applied in [3] to
two-dimensional hexagonal constellations and the four-
‘dimmsional constellations of Gersho and Lawrence [1].

Application of the detection method to 8D-L
The detection scheme above can be applied to 8D-L,

since this constellation can be thought of as being made
up of stacking hypercubes. The vertices of the hypercube
at the origin are given by (1111111 1], and all of
its sign variations. This hypercube encloses a point at
the origin (which is not really part of the
constellation) and the fourteen permutations of
[1111000 0], and their sign variations. Therefore,
the candidate symbols in Step 2 above have 240 members.
Fortunately, this number can be drastically reduced to
only sixteen by the procedure given by Step 5. It should
be clear that the candidate non-negative symbols are
given by the origin, the fourteen permutations of
[llllOOOO],and[llllllll].'l”hus, the
minimum of only sixteen distances has to be computed each
block period.

The centers of the hypercubes that are adjacent to
the one at the origin are given by [0000000 2],
[00000022], [00000222], [00002222],
[00022222]),[00222222], [02222222],
[2 222 222 2], and all permutations and sign
variations of these. (Note that the centers of adjacent
hypercubes are at a distance of two apart). Fortunately,
all the constellation points for 8D-L, L < 16, are
generated by the hypercubes with these centers, and so
the quantizers of Step 1 need only have three levels in
each co-ordinate. Thus, if a co-ordinate of the received
vector is less than -1, then the quantizer for that co-
ordinate will have a value of -2 on its output. If it is
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between -1 and 1, then the output will be 0, and if it is
greater than 1, the quantizer's output will be 2. Thus,
the centers of the hypercubes are easily established.

Note that for L > 16, the level of quantization
will be higher since there will be centers at other
locations, e.g. at {0 0 0 0 0 0 0 4].

Detecting 8D-8B

To detect 8D-8B optimally, it is not necessary to
do Steps 1, 2, and 4 in the above detection process. Only
Step 3 as simplified in Step 5 is needed, with the
following modifications:
(i) replace the "received translated vector" by just the
"received vector",
(ii) replace the "mapped received translated vector" by
the "mapped received vector', and
(iii) the "candidate symbols of the positive sector" are
now given by the twenty-six entries of Table 2 for 8D-8B.
Thus, the minimum of the distances between these 26
points and the mapped received vector must be found every
block period.

Performance Evaluation
In this section, the probability of symbol error P

for 8D-L will be found and compared to that of regular M-
QAM over four symbol periods. One measure which can be
used for this purpose is the Asymptotic Estimate [4,5],
which states:

P =K erfe (dmmNSO) (2)

es 2

where dmin is the minimum Euclidean distance of the

constellation,

o! is the noise variance in each co-ordinate, and
is related to the SNR in the following way:

(3)

K is the error coefficient, which can be found from

o = P/(B*SNR)

M M
2 I (4)

K=1 8(]lp; - pj” = dp)
M1 j=1

where ||p-l - pj" is the Euclidean distance between symbols
p; and p;,

=1if x=0,
= 0 otherwise.

8(x)

For 8D-L, qnin is 2 by design. Also, K is easily
upper bounded to be 240 for all L since “Pi - pj|| = 2 only
when p; - P is given by the fourteen permutations of

11110000}, and the eight permutations of
(0000000 2], and their sign variations.

Using (4), it is found that K = 58.5 for 8D-8A, K
= 53.47 for 8D-88, and K = 117.1 for 8D-12.
Unfortunately, K for 8D-16 was not evaluated since the
computational task was too much for the author's bottom
of the line, ancient personal computing system. Note that
these error coefficients are attainable by 8D-L only if
they are detected optimally, as is the case of 8D-8B. It
has already been stated that the detection method above
causes these coefficients to be increased (because it
assumes that no symbols are missing from the stacking
hypercubes). Thus, these optimum coefficients can be
viewed as lower bounds for the true error coefficients.
Fortunately, 240 still remains to be a valid upper bound,
and so reasonable estimates for the P, performance for

8D-L can be found analytically.

‘proposed

Figure 2 shows the Pes performance for 8D-8a, 8D-8B,

and QPSK over four symbol periods. As can be seen, 8D-8B
achieves the best performance, having a gain of 0.37 dB
over 8D-8A, and 1.78 dB over QPSK. Likewise, Fig. 3 shows
the P, performance for 8D-12, 8D-16, and 16-QAM. Clearly,

8D-12 provides a 3.17 dB gain over 8-QRM. One reason for
this large gain is that 8-QAM is not an efficient (as far
as SNR is concerned) two-dimensional constellation. So,
when it is compared to an efficient eight-dimensional
constellation, the improvement is dramatic.

It can also be seen from Fig. 3 that 8D-16 achieves
a 2.55 dB gain over 16-QBM. This is slightly better than
that obtained with the eight-dimensional constellation of
Gersho and Lawrence. (The gains mentioned in this and the
previous paragraphs are calculated with (2) for

_ 1076
Pes =107").

Figures 2 and 3 were prepared with the help of the
information in Table 5, but it should be pointed out that
K = 240 was used in preparing the curves for 8D-8A, 8D-
12, and 8D-16. This was done because no analytical method
was presented to find the error co-efficients for the 8D-
L detector. Also, it will be seen that K = 240 is indeed
a very tight bound. Furthermore, the theoretical gain of
8D-1, over the corresponding M-QAM system is also shown in
Table 5. This gain is simply 10 log (PI/PZ) - .2 log

(KI/KZ)' where P is the average energy of 8D-L and P, is
the average energy of the corresponding M-QBM system. K

is the error co-efficient of 8D-L; for 8D-8B, it is
53.47, and 240 otherwise. K, is the error co-efficient of

the corresponding M-QAM system. As can be seen, the
theoretical gains show reasonable to excellent agreement
with the values obtained from Figs. 1 and 2.

To see how well (2) estimates P, performance, Monte

Carlo simulations, using the Importance Sampling
technique [6,7] were performed, and the results are also
shown in Figs. 2 and 3. As can be seen, the simulation
points for 8D-8B are very near thé predicted curve.
Therefore, this verifies that the detection scheme for
8D-8B is valid since it achieves the optimum error co-
efficient.

On the other hand, the simulation points for 8D-8A,
8D-12, and 8D-16 are close to the predicted curves which
were drawn assuming K = 240. Therefore, this shows that
K = 240 is a very tight upper bound. Furthermore, this
indicates that the detection scheme does not achieve
optimum detection, but rather increases the error co-
efficients from the optimum values given in Table 5. This
behavior was expected as noted earlier. This loss due tc
non-optimum detection can be quantified by use of
Forney's rule [2] given earlier. Thus, the loss is given
by 0.2 log,(240/K): for 8D-8A, it is 0.407 dB, and for 8D-

12, it is 0.207 dB. For 8D-16, the loss is expected to be
no greater than it is for 8D-12. These losses are not tc
be confused with the error co-efficient loss colum ir
Table 5, which is the loss that occurs because the error
co-efficient of 8D-L is greater than that of the
corresponding M-QAM system.
Conclusion

In this paper, eight-dimensional constellations
have been proposed that appreciably outperform the
corresponding M-QBM systems. Simple detectors were alsc
for these constellations. Monte Carlc
simulations were done which confirmed the theoretical
predictions of the P, performance of these neu

constellations. Future work should concentrate on findinc
methods of reasonable complexity of mapping the incomin¢

L data bits into the > symbols of these constellations.
at the transmitter, and performing the corresponding
inverse mapping at the receiver.
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