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Performance Of The Adaptive Baseband
4D Diagonalizer, A Crosstalk Canceller,

Abstract

A general formula for the probability of
symbol error P,, performance for the diago~-
nalizer with a four dimensional (4D) detector
is described. This 4D dlagonallzer is impor-
tant for systems with depolarization
crosstalk, which use 4D constellations rather
than constellations which can be detected with
independent 1D detectors such as dual channel
M-QAM (DCM-QAM). The formula is applied to a
256 symbol 4D constellation (hereln called
GL4-256), which achieves 1.2 dB gain over 16-
QAM for zero-crosstalk. It is shown that
GL4-256 achieves better P, performance than
DC16-QAM for crosstalk levels below -9.5 dB,
with the converse being true for higher cross-
talk levels.

A block diagram of the adaptive baseband
4D diagonalizer is also provided.

Introduction

Digital communication systems can have
increased route capacity by utilizing dual
polarization of two transmitted information-
bearing signals on the same carrier fregquency.
These systems will then be susceptible to
crosstalk interference which causes degrada-
tion in system performance. This degradation
is severe in practical systems, and steps must
be taken to reduce this problem. Presently,
there are three known cancellers which reduce
the interference problem. These are: (i) the
diagonalizer [1~3], (ii) the minimum mean
square error (MMSE) canceller [2,4,5], and
(iii) the maximum likelihood (MLD) receiver
[4,6]. Duvoisin, et al. [3,5] obtained exact
values for the probability of symbol error P,
in the dual-channel 16-QAM case, which showed
the equlvalence of the diagonalizer and the
MMSE receiver for signal-to-noise ratios of
normal interest. Cartwright, et al. [6] also
obtained P,, performance for the MLD receiver
using a truncated union upper bound for the
dual-channel 16-QAM case, but the method
presented there is also valid for any compact
constellation which is a subset of a lattice.
(By a compact constellation, we mean a con-
stellation which retains all lattice points
which are at a lower energy level than a maxi-
mum energy constellation point, so that the
constellation retains the stacking property of
the lattice.)

Gersho and Lawrence [7] have presented
multi-dimensional constellations that are
subsets of lattices, and they showed that
their 4D-256 symbol constellation (hereafter
callied the GL4-256 constellation), which is a
subset of a lattice which they call A,, can
achieve a 1.2 dB gain over 16-QAM. Gersho and
Lawrence assumed that the 4D symbol can be
formed by using two 2D symbols over two time
slots. However, the dual-polarization channel
allows the transmission of a 4D symbol over a
§ingle time slot, thereby allowing twice the
information rate. However, if this is done,
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the effects of the depolarization crosstalk
must be evaluated. The purpose of this paper
is to compute the P, performance of the dia-
gonalizer using the GL4-256 constellation and
to compare it to dual-channel 16-QAM.
-Polarization stem Model
In a dual~polarization system, a trans-
mitted symbol can be written as D =
[a;,b;,2,,b,]T where a,, b;, a,, and b, are data
sequences. The a, sequence modulates the in-
phase carrier of channel i, and b, modulates
the quadrature phase of channel i, i = 1,2.
The union of all possible transmitted symbols
is called the transmitted constellation, and
the allowed values of the components of D
depend upon this. For dual-channel M-QAM, a,,
b,, 1 = 1,2, take on values from the set (*1,
¥3,..4, % = 1l}. For GL4-256, the components
of D are all even or all odd integers. 1In
fact, any symbol D is a permutatlon of the
seven ba51c points shown in Table I, e. g.
[0,2,0,01%* or [1,1,3, 1)". In addition, sign
varlatlons of D are also allowed e.qg.

{0,-2,0,01%" or [-1,1,1,3]%.
Table I. Basic Points for GL4-256
Constellation.
Basic Points Energy Number of Number of
Points Neighbors
1. 1111 4 16 23
2. 0002 4 8 22
3. 0022 8 24 22
4. 0222 12 32 19
5. 2222 16 16 15
6. 1113 12 64 15
7. 1133 20 96 8

Average Energy is 14.125.

The channel is assumed to be slowly vary-
ing and nondispersive. Thus, the model is
applicable to the satellite path which takes
on new significance for multi-level constella-
tions, since it has been recently demonstrated
by Feher (8] that 16-QAM systems are possible
over the satellite path. Also, according to
Amitay [1], the model is applicable to ter-
restrial radio systems in the 4 GHz band for
fades which do not exceed 30 dB. 1In addltlon,
the channel corrupts the transmission by in-
troducing a fraction of one information stream
into the other. Also, zero-mean AWGN is pres-~

ent with variance o° in each component of both
channels.

Thus, the received symbol is written as

Z=TD+N (1)
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where Z is the received symbol, i.e. 2 =
[%,Y1:%,Y,]7, with X, as the received sequence
in the in-phase demodulator of channel i, and
y; as the received sequence in the quadrature
demodulator of that same channel, i = 1,2.

N is the noise vector [Ny, N, ,N,, N,]%. T
is the channel matrix, given as

1 0 rCos¢, -rSinsg,

[¢] 1 rSing, rcoséd,
' rCosd, =-rSing, 1 0
rSing, rCosd, 0 1

with r as the crosstalk level, and the cross-
talk phases ¢, and ¢, are distributed

between -» and ». This channel matrix T fol-
lows from the assumptions made by Nichols, et
al. [4]. In the absence of crosstalk, r = 0,
and T becomes the identity matrix.

In the absence of noise, the totality of
possible received symbols is defined to be the
received distorted constellation, which is
easily shown to be a subset of another
infinite lattice.

The conventional QAM detector operates on
the received symbols 2 to make four individual
1-D decisions to arrive at an estimate for D,
whereas the GL4-256 detector makes one 4D
decision. The diagonalizer first multiplies
(1) by another matrix W = T to give the dia-
gonalized symbol

=Wz =D + T N,

Zp (2)
The symbol Z, is then operated on by the
conventional QAM detector, or the GL4=256 4D
detector. Figure 1 shows the adaptive 4D
diagonalizer, which is an extension of the one
for DCM-QAM, as given by Kavehrad [2]. Con-
plex notation is used for convenience only.

Probability of Symbol Error
(i) Zero-Crosstalk Case

When the crosstalk is zero, computing the
probability of symbol error performance
reduces to finding P,, for the constellation,
which is relatively straightforward as dis-
cussed by Conway and Sloane [9].

Assume that symbol D, has been trans-
mitted. Then the decision region for D, i.e.
the region in R‘ closer to D, than to any
other symbol, is determined by V, symbols sur-
rounding D,. These symbols are called the
relevant symbols D, for D,. For dual-channel
M-QAM (DCM-QAM) and GL4-256, the relevant
symbols are at a squared distance of 4 away
from D,, as shown by Gersho and Lawrence (71.
Thus, defining S,, = D, - D,, then S§,, is an
permutation or sign variation of [0,0,0,2]
for dual-channel M-QAM, and for the GL4-256,
S,; also includes any sign variation of
(1,1,1,1]". Hence, V,, = 8 for DCM-QAM, and
Vaex = 24 for GL4-256. Thus, we can write

4

v 2
x [ )
Pes(Tlnk) < = 2 erfc|—=— (3)
r=1 o
where ||S,.|* is the Euclidean norm. Clearly

then, the probability of symbol error can be
gotten by averaging (3) over the entire con-
stellation.

L

Pes(T) < kzl Pes(Tle)P(Dk) (4)

where L = total number of symbols in the con-
stellation.

Usually, P(D,) = 1/L and so (4) becomes
v 2
L k ISyl
Peo(T) =37 5 =5 erfc| XL (5)
s k=1 r=1 80

A cursory glance at (5) indicates there are

L
=V, of the |S,,| distances to be computed.
k=1

However, for practical constellations, |[S,,|
takes on only a few values. This can be seen
by writing s,, as [A,B,C,D]’, where A = a,, -
ay, B=Dby = b, C=a, -a,, and D = b, -
b,.. However, A, B, C, D are quantized since
the components of the constellation symbols
are quantized. Thus, ||S,,|? = A* + B? + ¢ + D?
is also quantized. (Actually, |S,,|? has only
one value for GL4-256 and DCM-QAM. However,
to maintain complete generality for arbitrary
constellations, we will assume that |S,.|? has

N, values.) Given this, (5) can be rewritten
as
L N 2,4
Pos(T) = 5% 121 Np; erfc(R;/8¢°) (6)

where N; is the number of squared distances
having value R;, and R; is the I*" value of
[Si:J?. N, is the number of unique R; values,
hereafter called R; levels. Both Ny and N,
can easily be found by a computer algorithm.

L
For DCM-QAM, N, = 1 and Ny, = 8[“—-*—4]142,
M

whereas for GL4-256, N, = 1 and Ng,/256 =
14.25, which is the average number of relevant
symbols [7].

(ii) Crosstalk Case

The calculation of probability of symbol
error for the crosstalk case is similar to the
zero-crosstalk case in that the decision
boundaries are the same when the diagonalizer
is used. Assuming that D, has been transmit-
ted, the decision boundary between D, and a
relevant symbol D, is the hyperplane located
midway between D, and D, with equation given
Ly

T

D°s -W=0

kr (7

where W = #(D,'D, - D,'D,).
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Now D, is on the positive side of this
boundary. Thus, the probability of symbol
error given that Dk is transmitted is the
probability that 2,’s,, - W < 0, or

scr(Tle) = P(Z xr < w|Dk). (8)

Fortunately (8) is straightforward to
evaluate since Z,'s,, is Gau551an with mean

D,'Sy, and variance o} = e (T'T)7'S,,. There-
fore, (8) becomes
T
D.S U
_ 1 kkr
scr(T|D = 5 erfc 72 o (9)

But D,’s,, - W = ||S,.|?/2, and so (9) becomes

(TIDy) =
(10)
N nskrﬂ4(l+r4 - 2r? cos )
5 erfc
2 8s2 sT_qgs
7 Skr kr
where Q = (1 + r‘ - 2r? Cos 4) (T'T) ' and can be

shown to be

1+r? 0 -rPC rPS
0 1+r? -rPS  -rPC

"~ |-rpc  -rps  14¢ 0
rPS  -rpC 0 1+x?

with PS = sin 4, - Sin 4,,

PC = Cos ¢, + Cos
6,, and 4 = 4, + 4§,.

It is also straightforward to show that

T 2 2
Sy 8, = (1+xr°)|S, |° - Frpc - GrPs (11)
where
F = 2(AC+BD)
G = 2(BC-AD).
This is very similar to the distances
used to calculate P,, for the MLD receiver
[6]. However, in [6], (11) represents dis-
tances between symbols in the distorted
constellation, whereas here (1l) represents

noise variance levels. Note that F and G are
quantized, so that (11) takes on only a
limited number of values. As a matter of
fact, each unique R; = |5, [|* level gives rise
to a limited number of values for A, B, C, and
D, which in turn gives rise to a limited num-
ber of unique values of the (F,G) pair. Thus,
the zero-crosstalk R; level splits up into N;
sub-levels, where N; is the number of unique
(F,G) pairs, when crosstalk is added. Use
will be made of this fact to reduce the compu-
tational burden.

Substituting (11) into (10) gives the
probability of symbol error performance, given
that D, is transmitted, for one boundary only,
that is, the boundary due to D,. The total
probability of symbol error given that D, is
transmitted is given by

\ 4

Yy
P c(T|Dk) < rzl P (TIDy) (12)

The average probability of symbol error

P..(T), assuming each symbol is equally
likely, is given by
;¢
P _(T) <= = = (T|D
sc L y=1 r Pscr
L V.
<z £k (13)
i=1 r=1
4 4 2 t
"Skr" (l+r =2r° Cos 4)
er

80°[ (1+r°) |5, | *~Frec-cres]

Note that, for zero crosstalk,
(5) as it should.

(13) reduces to

Again, a casual inspection of (13)
L
indicates there are z V, complementary
k=1

error functions to be calculated. However, as
stated earlier, |S,.|* is quantized to levels
of R,;, there being N, of these, and each R,
level of (11) splits up 1nto Nz sub-levels,
each with value Ry, = (1+r?)R; - F;rPC - G,,rPS,
where Fy;, G;; = F,G at the IJ™ sublevel.

Therefore, (13) can be written as
N N
1 L I
P_(T) =5 = == N
[} 2L I=1 J=1 IJ
(14)
2 4 2 !
RI(1+r -2r” Cos ¢)
erfc 5
8¢ RIJ
where N;; is the number of sub-levels with
value of Ry;.
For zero-crosstalk, Ry; = Ry, Ny = 1, Np; =
Ng;, and (14) becomes (6) as it should. Note
N,
that z Np; = Ng;.  Ny;, Ry, N; can be found
J=1

with a slightly modified version of the com-
puter algorithm discussed in [6] and given
below:

Step 1. Select a symbol D, in the trans-
mitted constellation.

Step 2. Choose another symbol D; (3=k) .
Compute R; = (D If R, =
4, go to Step ¢ (thls removes
non-relevant symbols); other-
wise, compute F and G.

Step 3. Each unique combination of F and

G gives rise to a unique I1J
value. Hence, increment the N
counter for each unique combina-
tion.
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Step 4. Repeat Steps 2 and 3 until all L
symbols have been chosen in Step
2.
Step 5. Repeat Steps 1 to 4 until all L
symbols have been chosen in Step
1.
For DCM-QAM, N, = 1, N, =1, N;;, = Ny, and
R, = 4. Therefore, using (14), the proba-
bility of symbol error for DCM-QAM, P, (T),
becomes
M§-1 1+r4—2r2 Cos ¢ !
Pscl(T) < 4 —|erfc 5 P (195)
m? 20°(1+r)

This agrees with the value found in [3] for
DC16-QAM. For zero-crosstalk r 0, and (15)
reduces to the correct value. For GL4-256, N,
1, N; 5, and the other relevant values for
variables to be used in (14) are shown below
in Table II.

Table II. Values to Calculate P, (T)
for GL4-256 Constellation.

Level Sublevel Ny, Fy | G

I J

1 1 1376 0 0

2 568 [¢] -4

3 568 0 4

4 568 -4 0

5 568 4 0

Using Table II and (14), the probability of

symbol error for GL4-256, P, ,(T), becomes
5
Pscz(T) < .Z Pi(T) (16)
i=1
where
H
PI(T) = %6' erfc -—ELZ
l1+r
P (T) = 288 erfc—PD—§
2 512 1+ r? - rpc
568 PD ¥
P3(T) = 512 erfc—-—Z—
1 +r” + rpC
568 __PD !
P4(T) = 3512 erfc 2
1+ 1" - rPS
568 PD '
Ps(T) = 52 erfc s
1+ r® + rPS
with PD = (1 + r* - 2r? Cos 4)/24°%.

If it is assumed, as is usually done,
that the crosstalk phases are uniformly dis-
tributed over -x to x, then the average
probability of symbecl error is

m ™ .
J'_ P_.;(T)ds ds, , i=1,2.
T (17)

Notice that to find <P,,> for GL4-256
requires <P, (T)>, 1 = 1 to 5. However,
<P.(T)>, 3 2 to 5 are all equal since they
take on the same values with the same prob-
abilities. Thus, we need only find two
averages when computing <P,,>.

Results and Discussion

Calculations of <P,,> have been made for
GL4-256 using (16) and (17), and the results
are shown in Fig. 2. Similar curves for DClé6-
QAM can be found in [3]). For these curves,
the signal-to-noise ratio is defined as

dBN = 10 log [ Pz] (13)
40
where P is the average power of the
1 L
constellation, i.e. P =71 = |D:{I?, and the
I=1
crosstalk level is given by dBI = 20 log r.

Figure 3 shows the degradation (dB) as a
function of crosstalk level (dBI) for an
average probability of symbol error of 10°,
for both DC16-QAM and GL4-256, where the
degradation is defined as the increase in dBN
needed to maintain <P,> = 10°° As can be
seen, the degradation increases with crosstalk
level, making the system unusable for high
crosstalk levels. By subtracting the degrada-
tion for GL4-256 from that of DC16-QAM and
adding 1.24 dB, the improvement of GL4-256
over DC1l6-QAM can be obtained and is also
shown in Fig. 3. (The 1.24 dB comes from the
improvement of GL4-256 over DCl6-QAM at zero-
crosstalk). From Fig. 3, it is evident that
for crosstalk levels below about =-9.5 dB, GL4-
256 performs better than or equal to DCl6-QAM.
However, for crosstalk levels above =-9.5 dB,
DC16-QAM is to be preferred. Therefore, sys-
tems which operate in mild crosstalk
conditions most of the time would benefit by
using GL4-256.

The probability of symbol error P,,, can
also be obtained as a function of the cross-
talk phase angles 4, and 4,, by using (16).
Figure 4 shows a three-dimensional plot relat-
ing those for a crosstalk level of -5 dB, and
signal-to-noise ratlo of 25.47 dB, which pro-
duces P> = 10°® From Fig. 4 and the
results given for DC16-QAM in [3], it is clear
that P,, behaves similarly for both constella-
tions. There are two lines of minimum P,
glven by 6, = 06, + = and ¢, = -¢, - ~n. There
is a line of maximum P, given by 4, -6,
However, for GL4-256, P,, is not constant
along this line, as it is for DC16-QAM, there
being maximum values of P, at (0,0), (r/2,-
~/2), (-~/2,n/2), and (x,r). These co-
ordinates represent the points at which the
arguments of at least one of the complementary
error functlons in (16) is at a minimum value
of M, (1+r‘-2r? )/ [ (1+x +2r)202], where 02 is
the variance given by (18) and P = 14.125.

For DC16 QAM, this mlnlmum value is M,
(1+r‘-2r?) /[ (1+r®) 20,%], where o, is the
variance given by (18) and P 20.
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Consideration of M, and M, explains why <P >
performance for GL4-256 is better than that of
DC16-QAM. For small crosstalk, M, > M,, with
the reverse being true at high crosstalk.
Thus, <P,,> < <P,,> at low crosstalk, whereas
<P,.,> > <P,,> at high crosstalk, as
demonstrated in Fig. 3.

For GL4-256, there are also minimum P,
values along the maximum P,, line. These
occur at (-~/4,n/4), (n/2,-n/2),
(57/4,-57/4), and (-5x/4,5x/4).

It is also of interest to compute the
histogram for the same conditions used in
generating Fig. 4. This is done in Fig. 5,
and from this figure it can be seen that 17%
of the time the instantaneous P,, is higher
than <P,,,>, whereas 75.7% of the time P, <
0.1 <P,,>. Hence, there is a very good chance
P., is better than <P,,> indicates, and a non-
negligible time when P,,, is worse than <P,>.
Since the data rate is much faster than the
rate of change of the channel parameter, <P,,>
may not be a suitable parameter to estimate
the system's true performance at a given time.

Conclusion

A method has been presented to calculate
the probability of symbol error for the 4D
diagonalizer using arbitrary constellations.
The method was applied to a 4D constellation
introduced by Gersho and Lawrence [7], which
was called the GL4-256 constellation in this
paper. The probability of symbol error per-
formance for GL4-256 was compared to that of
DC16-QAM and it was concluded that GL4-256
performs better for low crosstalk values, i.e.
below ~-9.5 dB, with the reverse being true for
high crosstalk levels. Graphical results have
been presented for the case of uniform distri-
bution. The analytical results are general
enough, however, to give more detailed infor-
mation on the behavior of <P, > for cases when
4, and 4, are not uniformly distributed.
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Fig. 1. Block diagram of the adaptive 4D
diagonalizer.
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